2. Definability of valuation rings. Let p be a finite prime of K. The goal of this section is to find a predicate, as independent of p and K as possible, which, for a proper choice of its parameters, is satisfied by precisely the valuation ring (9p. A standard trick reduces the problem as follows: suppose 1 > 2 is a positive integer, and suppose we can find a predicate R(t, c) with a choice of C' so that R is satisfied by exactly those t for which ord,(t) 0_ mod 1. Then, choosing g to be a prime element at P, (9 is the set of all x satisfying 3t(1 + gx' = t&R(t, c)). Namely, if ord,(x) > 0 then ord,(1 + gx') = 0, while if ord,(x) < 0 then ord,(1 + gx') 1 mod 1. The next lemma shows that if q is a prime of K, the first two conditions are a device for saying "K(w'/')/K is unramified at q". (2) For every choice of its parameters, each of the predicates is satisfied either by a valuation ring or the entire field.
Our plan is to construct R(t, c) by using norm forms from cyclic

PROOF. Let S(x; E) be any of the predicates discussed above. Suppressing its parameters, put V(x; C) V[yVz((S(y)&S(z)) -* (S(-y)&S(y + z)&S(yz))) & Vy(y # -> (S(y) V S(1/y)))] S(X).
The 
The integral closure of any ring in any field is the intersection of all the valuation rings containing it. C1
In symbols this is x = n ord(x)> (9 = Rs in the notation of ? 1, where S = {plx 4 (9p} is finite. We remark that conversely every Rs for a finite nonempty S is of the form (x for some x. For number fields we will be interested in defining functions and predicates of the type f(v1, . .. , vk; n1, . .. , n) where the vi range over K and the ni range over N. In function fields there is no uniquely determined model of N but rather a collection of equivalent ones, so our functions and predicates must be specified in the form f(v1, . . . , vk; x",, . . . , x"; x) In choosing h2 we want the 1 + h2kj to be pairwise relatively prime, and also pairwise relatively prime with all the 1 + h,kj. This will be the case when h2 is sufficiently divisible by all the primes appearing in (h,), the (ki), and the (ki -kj). Thus, we can recursively find h2 = X2m2 -Xm2, h3 = X2m3 -Xm3, and so on. 6. Archimedean valuations. In this section we provide arithmetic definitions for the archimedean valuations of a number field. The method we used previously to define the nonarchimedean valuations can be extended to give the real archimedean ones, but in the case of complex valuations it fails, essentially because there are no nontrivial extensions of C from which to take norms. The definition we do give for the complex valuations depends heavily on the fact that the rational numbers are already available. It would be desirable to have an independent definition, for using it we could obtain a predicate quantifying over finite subsets of number fields similar to the one in function fields, and define N without using the result of Siegel.
Solving for t, one obtains t = -(q,(x) -qj(x))/(ri(x) -rj(x)).
If ri(x)lqi(x) or if (ri(x) -rj(x))j(qi(x) -qj(x)), then t is a polynomial. But if not, then t would have some irreducible polynomial of F[x] in its denominator
By a definition of an archimedean valuation of K (or of an embedding of K into R or C which induces it) we mean a predicate which is satisfied by precisely the closed unit ball of that valuation. Such a predicate evidently enables us to compare magnitudes of elements.
The unit ball and the ordering induced on K under a real embedding can easily be defined in terms of each other, and the set of nonnegative elements under any real embedding can be obtained directly, using Notice that all the axioms remain true when restricted to Q. We first prove the theorem when K = Q, and then do the general case.
PROPOSITION E (HASSE-MINKOWSKI
We will need a lemma, easily established by induction on n. , by (3) and (A), 3 = -(1 + 2(-2)) 4 B. Suppose we know n 4 B  for n E {2, 3, . .., 2m + 1), where m > 1. Then, 2m + 2 
